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alysis of Richardson iteration in multigrid methods for nonlinear para-

rabolic differential equations *)
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STRACT

The main purpose is the analysis of the behaviour of (nonlinear)
chardson iteration in multigrid methods for solving the implicit relations
‘tained when an implicit one-step method is applied to the space-discretized
rm of a (nonlinear) parabolic differential equation. This analysis leads
. to an unconventional form of the Richardson method which turns out to be
remarkably efficient predictor formula to start the multigrid method. Num-—
ical experiments are reported obtained by a two-grid algorithm and a com-
irison is made with (nonlinear) Gauss-Seidel iteration. For large integra-
on steps and for strongly nonlinear problems the Richardson iteration me-

10d appears to be superior to Gauss-Seidel iterationm.
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. PRELIMINARIES

.1. Introduction

Let the system of ordinary differential equations (ODE's)

>
d > > >
1.1) E% = f(t,y), ?(to) = ¥,

riginate from the space discretization of an initial-boundary value problem

>r a (nonlinear) parabolic differential equation of the form

1.2) U _ Giex x,u, 2U 32U su 3%U _ 3°U )
* ot 7127207 x> 2’ 93x,’ 2° 9x%,9x, °
1 BX] 2 sz 1772

Applying some implicit integration formula for ODE's to (1.1) we are

aced with the task to solve in each integration step a (nonlinear) system
> >
1.3a) Lhyh = Zh’

here Lh is a (nonlinear) operator and %h is a sum of known terms. Here, h
efers to the mesh width of the grid Q used in the space discretization.

In order to accelerate the convergence of the iteration process for
olving (1.3a) we will use defect corrections obtained by solving an approxi-

ate problem on a coarser grid Q- This coarse grid problem will be denoted
y

>

> ~
1.3b) Lyyg = ZH,

here:H refers to the grid Qe Ly is the analogue of Lh but now on 0 and

q will be defined later. In [8] the effect of defect corrections was invest-—
gated if the fine grid problem (1.3a) and the coarse grid problem (1.3b)

re both solved by a Newton type method. These methods, however, require the
valuation of the Jacobian matrix of g which may be unattractive in view of
he large systems presented by (1.1) particularly if two or more space di-
ensions are involved. In this paper we analyze the behaviour of nonlinear

tehardson iteration processes for solving (1.3a) and (1.3b). Such methods




ess complicated and require a relatively small amount of storage, But
of course require more E;evaluations. In view of these storage require-
we will in particular comsider Richardson's methéd for solving one-
implicit integration formulas.

In the following subsection we shortly discuss in general terms the

t correction process as introduced in [14], and in the subsections 1.2
-3 these ideas are applied to our problem (1.3a). In Section 2 the non-
r Richardson method is discussed and in Section 3 a modification is

sed which turns out to be useful if large eigenvalue intervals of the
ian 3?/8; are involved. Section 4 presents the numerical schemes used

r numerical experiments reported in Section 5. In these experiments we
nainly interested in the behaviour of the iteration method for strongly
near parabolic problems. We did not investigate the effect of using a
step method for generating the problems (1.3a) and (1.3b); in fact, we
the backward Euler and the trapezoidal rule. We also did not test the
sive use of defect corrections, that is the acceleration of the coarse

iteration by using defect corrections obtained on a still coarser grid

tc.

Jefect correction iteration

Jonsider the problem
Ly = %,

L is an arbitrary (nonlinear) operator gefined as a finite dimensional
z . ~ g . .
: space and I a given vector. Let L and I be approximations to L and f,

:tively. Then we may define the (nonlinear) defect correction step [4,

y=3+{L (T+r-1§) - L I},
e >
§ is an approximation to the exact solution n of (1.4). The expression
m parenthesis is called the defect correction. By using (1.5) repeated-

: obtain defect correction iteration.




In order to see the effect of the defect correction in (1.5) on the
2 . . . - .
terate § as an approximation to the solution n we write

> >
1.6) =5+

. . > . > . e .
nd we investigate the vector v. Evidently, v satisfies the equation

1.7) L(v+L %) - LL &

> >

Ln - L§.

ssuming that L and L are differentiable we may write
s P

1.8) L'v=L"(M-5) +odvl™) + 0(n=-§17),

here L' and 1' are the Jacobian matrices of L and L. Substitution into (1.6)

1elds

‘ z 5 ~o -1 g 2z 2
1.9) y-n=C[I-@"Y L'IEFE-n +0d§-nl?

>
£ 1§-—nll is sufficiently small.

Thus, if we can find an approximating operator L such that
'1.10) IL'-L'l << 1T

‘he defect correction process (1.5) is expected to converge very fast in the

. . -+
1eighbourhood of the exact solution n.

|.3. Coarse grid corrections

In order to define an efficient defect correction process the applica-
tion of the operator f_l in (1.5) and the evaluation of T should require
-1
-onsiderably less work than the application of the operator L . Following

3RANDT and HEMKER [1,4,5], we define in the particular case of problem (1.3a)




L=1, E:’=§h,
~1 __H_-1_h
(1.11) LIRS L AL L
> >
I;Z=LHIHh§rh, h < H.

The corresponding defect correction will be called the coarse grid correction
on the grid QH. Here, %ﬁ denotes an approximation to the fine grid solution
;h (we shall use the indices h and H in order to indicate fine and coarse
grid functions). Furthermore, Ig and IE are operators (prolongator and re-—

strictor) which transform grid functions on Q_ into grid functions on &, and

vice versa. Explicit expressions for these opgrators can be compactly formu-
lated by introducing the averaging operators Moo Mps Wy and L When applied
to a grid function at a point Q these operators are respectively defined by
the average of the values at the two "horizontal", the two "vertical", the
four horizontal and vertical and the four "diagonal" neighbouring points of
Q. Furthermore, we divide the grid points into four groups according to Fig-
ure 4.1. The coarse grid with grid parameter H = 2h consists of grid points

>
denoted by ©. Let y be a grid function defined on QH’ i.e. the points B, then

an often-used prolongation is given by

1 ® s 3 =l = = 8- i}
[ J o ® o [ ] (o] ®
| ] ] ] ] ] o
® o ® o ® o ®
1] B a | ] a | ] m
L o ® o ® o] %2
L ™ = 1 =! L I———+ X

Fig. 4.1. Grid for h = 1/6




>

. H > > H > > H > > H > _
.12) (I, ¥)g =93 (I, Vg = wy; (I, g =uy; (I Vo = BY-

1is operator asks for values of the grid function ; on the boundary BQH
1ich are not defined because all grid functions occurring in (1.11) are
.nternal" grid functions. In the application of Iﬁ we will use the boundary
ynditions to define the boundary values of the function ;. Furthermore, let

be a grid function defined on Q_ then an example of a restriction is given

h
7

h > 1 > 1 > 1 -
1.13) (Ig Vg =7 Vo * 70,30 + 30,3, -

In order to evaluate thevright hand side of (1.5) in the case of (1.11)

> have to solve the coarse grid problem (1.3b) with

>
~ >

h h 2 h pe
1.14) g = IH Zh + LH IH ¥y - IH Lh yh.

™

at ;; be the (approximate) solution of this problem then the coarse grid

>rrection step (1.5) reads

> -> ->
' PN Ho-o>x _-h &
1.5") vy =9, f L, 05 - I 9y -

In the following theorem the effect of the coarse grid correction is

iven in the case where the operators Lh and LH are of the form

>
Ly = ¥ - byTE(t,5)
1.15) s
>
£(t,7) = J()Y + g(t)

- . . . .
here J(t) and g(t) are an arbitrary matrix and vector, respectively, bo is
constant determined by the integration formula used and T is the integra-

ion step.

HEOREM 1. Let L. and Ly be of the form (1.15) then (1.5) - (1.11) satisfies

he relation




PROOF. Substitution of (

correction step (1.5) im

For nonlinear probl
that the Jacobian matrix
Evidently, the coar
more closely the identit
closely related to each
not be that coarse that
operator to some extent.
Finally, we conside
. . > ->
grid solutions n, and n
hH—> h h
- if | -
H-h > 0 if LHIH y IHLh
tion of Lh'

THEOREM 1.2. Let Lh and
L =1+ 1A,

where A 1s some nonlinea

Lipschitz constants and

-> h~>

(1.17) Ny ~ IH“h =T
PROOF. From the identity

(1+ TA)-l =1

which holds for any nonl

;H of the problems (1.3a

1

h H -
- b.T Ih(I - TJH(t)) .

0 b0

h  _h . > >
(@O = 15 ()IEF, ). O
into (1.11) and then working out the defect

ely leads to (1.16).

lation (1.16) is approximately valid provided
is slowly varying with ;.
d function is more effective as IH Ih resembles

h "H

ator and as the operators L. and LH are more

h
This implies that the coarse grid QH should

erator LH cannot represent the continuous
difference between the coarse and the fine

h > 0 and T > 0. We shall say that LH > Lh as

as H-h - 0 for all §'in the domain of defini-

of the form

ator. If Ah’ AH’ L;l and L;l have bounded
h? L;l - L;l as H-h > 0 then

as H-h - 0. a
-1
I+ TA)
operator A, we derive for the solutions ;h and

(1.3b) that




a =% -aLlL
Ty T T I

-> i _lz
Ny = Iy T TAgly Iy

>
iubstitution of (1.14) for EH yields

h~>

hZ H 2
- Ith = T{[AHIHyh - IhAhyh]

>

g
h, .-12 -1,_hZ hZ H, 2

* [IA L 2 - Ayl (TT, + T(ApTLS, - T A 9)) 1)

t is easily verified that the expression between parentheses is o(1) as

I-h > 0 which leads to (1.17). 0

| .4. The iteration scheme

Again following HEMKER [4,5] we define a two-level algorithm for solv-
ing the fine grid problem (1.3a). This algorithm consists of three basic
steps:

>
(i) Predict an initial approximation ?h on @ to the fine grid solution

+ °
nh ’ > h+

(ii) Solve the coarse grid problem (1.3b) with ?H = IH?h as initial
guess to obtain the approximate solution ;E;

(iii) Solve the fine grid problem (1.3a) with

h2

g.)

2 H+*
(1.18) + Ih(yH IH h

h

. . . %
as initial guess to obtain the approximate solution Yy,
>

1f deiired+the second and third step can be repeated by setting ?H =
Ig ;; and ?h = y;.

The general idea behind this two-level algorithm is the elimination of
the lower frequencies from the iteration error in the coarse grid iteration
(step (ii)) and the elimination of the higher frequencies in the fine grid
iteration (step (iii)). To some extent, this is achieved by any iteration
process which eliminates higher frequencies, because the lower frequencies

on the fine grid are higher frequencies on the coarse grid. For instance,




linear) Gauss-Seidel type iteration methods could be used. Another class
thods form the Richardson type methods in which the range of frequencies
are to be damped, can easily be adjusted. '

In this paper we will in particular analyse Richardson's method for

ting the coarse and fine grid problems (1.3a) and (1.3b)
CHARDSON's METHOD

We restrict our considerations to cases where in the integration step
+1] both the fine grid and the coarse grid problems are of the form

(1.15))
> > >
y - bOTf(tn+1,y) =1, n=20,1,2,...,

-+
> constant and T the step length. On the fine grid @ f(t,;) corres-—

h,
>
to fh(t,§) and ¥ = fh follows immediately from the time integrator

We shall choose the single step implicit formula defined by

> - > -
Zh = yn + (l-bO)Tfh(tn,Yn),

y denotes the numerlcal solution at_t = t on Qh. On the coarse grid

(t,y) corresponds to f (t,y) and Z = EH is defined by (1.14). The exact

ion of (2.1) is denoted by n.
lhe (nonlinear) Richardson method for (2.1) may be defined by (cf. [3])

-
3(0) = §, some predictor formula for ;,

>(3+1) _  =(]) _oy>(3-1) >3 . 7 (3)y _ 2
y = ij + (1 Uj)Y + Aj[Y bOTf(tn+9jT,Y ) Z],

j = 0,1,...,m"1,

=1’

Ho

>% ->(m
v =y,

.2) the coefficients uj and lj are given by




T.(w.) W w
i~ 0 1 1 . .
. = 2w H Ay = —3 A. = — U.3 j=1,2,...,m1,
j 0 Tj+1(wo) 0w, ioowy 3
2.3)
w, = 1+a 2 W —2 T.(w) = cos[jarccos w].
J

= + ; =_—_—_——-—-—;
0 1-a borc(l—a) 1 boro(l o)

>
n the original Richardson method f is linear in ; and all parameters Sj

qual 1; in addition, o is defined
2.4) a=2,

here [-0,-8] is the (negative) eigenvalue interval of the Jacobian matrix

+
= 8f/3§ of the right hand side function. In that case the iteration error
.s given by

>

'2.5) B 7. P, (x5 -71,

shere P.(z) is the polynomial of degree j in z with a minimal maximum norm
in the interval [-t0,-Too] and such that Pj(l/bo) = 1, This polynomial is

ziven by

T.(wo+wl

-w]boz)

(2.6) Pj(z) f

[hus, Richardson's method with a = §/0 achieves an optimal damping of the
. . e e 2 _ > . .
sigenvector components in the initial error § - n. The damping factor 1is

given by

(2.7) maximum IPj(z)I = T;l(wo) = (cosh[jarccosh wo])_l.

—-t0<z<-18

For w, < 1.05 one may use the approximation

(2.7Y) Tj(wo) = cosh[jVZ(wO—l)](l+ej), |€j| < .0015j

to get an impression of the damping factor after j iteratioms.
>

1f f is monlinear, Richardson's method can formally be defined by

(2.2) - (2.4) if 6 and o are assumed to be the smallest and largest eigenvalue




. > . . .
»>solute value) of the Jacobian fy at (tn,yn). The iteration error is

ipproximately given by (2.5) only if second and higher order powers of

teration error are neglected (cf. Section 3.1).

\n unattractive aspect of the Richardson method is the evaluation of
igenvalues o and §. The value of o (spectral radius) may be obtained
>ower method as described in [10,15], but the value of § is more diffi-
In tﬁis paper we do not suppose that § is available and consider the

2 {(2.2) - (2.3)} with a in the interval
-(b TO)-I <a <1
0
ler to have a damping factor less than 1.
JURACY IN THE NONLINEAR RICHARDSON METHOD
‘n this section we consider the accuracy of Richardson's method for
1g problems of the special form (2.1) originating from parabolic dif-

:ial equationms.

'he iteration error

‘n the following the iteration error is denoted by

- (1 >
Ej =Y(J) - n

.z) denotes the operator defined by

>
€.

J+

-
T(z)sj = r

- >
- (A.+u.~-Ax.b 2z)e. = (1-p.)e.
17 Qyfuymagbgz)e; ST
. . > >
:rmore, all derivatives of f are assumed to be evaluated at (tn+],n)

i, otherwise stated.

. - . . .
et us write e a8 the sum of the error (2.5) obtained for the original
>

‘dson method plus some perturbation Sj, i.e.

- > >
e. = P.(tf )e, + 6.
J J( y) 0 i’




11

' >
here fy denotes the matrix Bfla;. Substitution into (3.2) yields
T > T > - 5 > -
(O)Sj = - (O)Pj(“rfy)e0 + ijOT{[f(th,n) —f(tn+6j1,n)]

- > >(3)
+ [f(tn+6jT,n)-f(tn+6jT,y )11,

+
iy linearizing f with respect to ; and observing that Pj(z) satisfies

'3.4) T(z)Pj(z) =0

7e obtain

EMMA 3.1. The iteration error of (2.2) - (2.3) is of the form (3.3) where

- > > >
T(Tfy)sj = Ajbor{[f(tn+l,n)-f(tn+6jT,n)]
(3.5)
e > o> 2
+ [fy(tn,n)-fy(tn+9jT,n)]ej + O(Heju )}. 0

If %(t,?) is independent of t and linear in ; we see from (3.5) that
> > > >
§. = 0 is a solution satisfying the initial condition 8o = 0. Then, (3.3)

>

reduces to the formula (2.5). For nonlinear functions f nonzero perturbations
}
5. may be obtained. In this paper we consider the case where second order
J . .o A . . >
axpressions 1n Ej can be neglected, for example if f£(t,y) is linear in y,

l.e.
(3.6) (6,3 = IO + 50

. . . > . . .
with J(t) an arbitrary matrix and g(t) an arbitrary function. Notice that

+
Gj always vanishes if ej = 1 for all j.

THEOREM 3.1. For the fumction (3.6) the iteration error of Richardson's
method (2.2) is of the form

> > >
Ej Pj(Tfy)eO-FGj,
(3.7)

-
S.

20Q. (1E ) E AR, (t£ ) E, +5. (TEVE, S +tW, (T )E € +0(x5)]
k| VY TE i Ty et T Ty ey 00 T3 Ty ety 0




QJ, Rj’ Sj and Wj are polynomials in the matrix Tfy defined by
Q2 =0, T(2)Q,(2) = Ao (1-6.)
RO(z) = 0, T(z)Rj(z) = E-A .b_(1-8. )
S(2) = 0, T(2)8;(2) = A;b,(1-6.)P, (2)
Wo(m) =0, TV, (z) = %-AjbO(l—ej)sz(z).

>
. Substitution of the perturbation Gj determined by (3.7) into (3.5)
that (3.5) is satisfied if Qj’ Rj’ Sj and Wj satisfy (3.8).

[n the next subsection this theorem will be applied for deriving the

¢imation error of the integration method.

fhe approximation error

[n the preceding subsection we concentrated on the Richardson method
iteration process for solving the system (2.1). Next we investigate
that accuracy the solution of the initial-boundary value problem satis—
he numerical scheme. In other words, with what error does the numeri-
heme (2.2) - (2.3) approximate the partial differential equation (1.2)
and T > 0. In particular, we analyse the time-discretization part and
.1 assume that the exact solution ;(t) of (1.1) and the exact solution

‘he initial-boundary value problem (1.2) satisfy the condition
> >
Y(t) - y(t) » 0 as Hor h > 0,

?(t) denotes the function U(t,xl,xz) when restricted to the (internal)

'« In this connection we emphasize that the right hand side function
need not remain bounded for an arbitrary grid function v if the grid
1ned Only for grid functionms v which match the boundary condltlons,

IS Y and by virtue of (3.9) the solution y of (1.1), the function f will
'ge [2,13]. This observation turns out to be crucial in the following

is of the Richardson method (see below).
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Let us write the Richardson method in the form (using (3.3))

> >
>k > 2> s
3.10) Z—;—D-- Pm(rfy) Z;ﬂ-— 7? = 0.

e want to relate this discrete equation to the differential equation (1.1).
herefore, we substitute for the numerical solution at t s D= 0,1,... the
xact solution ;(t) at t_ (the Zlocalizing assumptibn (cf. [9, p. 27])).+The
esidual left will be called the approximation error and is denoted by A .
m the fine grid the numerical solution at t and t 4 are defined by ;ﬁ and
:; and on the coarse grid by Ig ;n and Sr);, hence
I o]

' | = — -
3.10") An = - Pm('cfy)

< ¥

->

> 8
h_ =
T

'-i |

>
‘he error An describes the relation between the fine or coarse grid processes

ind the continuous problem (1.1).

. . >
Let us consider this error for the test model (3.6). We assume that s
.

ind ?h have the expansions

> -
-> _ -> ° 20. 3
n, = yh(tn) + Tyh(tn) + BT yh(tn) + 0(t7)
(3.11a) 5 R > L 5 as t > 0.
¥y, = yp(e) + BTy, (£) + Byt v, (£) + 0(t )

3y assuming that the conditions of Theorem 1.2 are satisfied we find from

(1.17) that the coarse grid solution has the expansion

>
-

>
> o 200
ng = Yg(t) * typ(e) + By yy(t)

2
2 d h~> - 3
° —) (I.y, (£)-y,(t)) +10(1) + 0(t7)
R P

d
+ (1+TE:-+32

> -
as H-h > 0 and T -~ 0. A similar expansion is obtained for ?H = Igi?h. By

virtue of our assumption (3.9) we find

- >
> _ > ° 20 > 3
ng = vty + Tyg(t ) + B,T yH(tn) + oy + 0(T)
(3.11b) N as T »> 0,
> >

>
_ > ~ . ~ 2-0 ~ 3
¥y = yglt) + BITyH(tn) + B,T yH(tn) oyt 0(t™)
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where

> h> > Z >
pH - IHYh(tn) - YH(tn) + TO(]), -

- Py + to(1) as H-h » 0.

+
Note that EH and BH both vanish as h < H » 0 but they do not if T + 0 and H
is kept fixed.
Substitution of (3.11) and (3.10') and using Theorem 3.1 yields the

following lemma:

LEMMA 3.2. Under the assumptions (3.11) the approximation error for the test
equation (3.6) 7s given by

A, = (-B)P_(0)3(t) - 1Q (OF (£ ,F(t))
(3.12) + TLz-B,+(8,-B )P (0) ¥ (e ) - (B =DR (0)I(t )y (t )]
+C + O(Tz) as T > 0,
n

vhere Eﬁ vanishes on the fine grid and is given by

C, = T By (@ (0)+tRl (0 (e )+17S_(0)3' (¢ ) (5 ]

Ty () - Ty (6 )T + 0(1)  as H-h + 0
on the coarse grid. 0

The (coarse grid vector) Eﬁ may also be neglected on the coarse grid
if H is sufficiently small with respect to T. Then, the most important part
of the approximation error consists of the other terms in (3.12) which heavi-
ly depend on the choice of the initial approximation ;. We shall consider
the first and subsequent defect corrections in more detail.

In the first defect correction step the initial approximation ;h has
to be provided. If one-step formulas are used for generating the problems
(1.3), then the most plausible choice for starting the two-level algorithm
is defined by
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3.13) 5. =Y. Iy = Igvn

- : 7
‘th this choice we have BI = 0 and the first term in (3.12) reads Pm(O)y(tn).
\is term is O(t™) as t + 0, but due to the large order constant if the spéc-
-al radius o of J(t) is large (this happens if h or H are small), it is not
acessarily small. To see this we consider the i-th derivative Péi)(O) of
n(z) at z = 0 for large values of To. It is easily derived from the defini-

ion of Chebyshev polynomials that (—1/bOT0<cx<l)

. (i) 1+a
. i T.” ()
38 PO - e — - Lomsts s 1o > w,
J T, (= ) (10)

k| l-a.k(l-a)boTo

yus, for small values of T and h or H, the first term in (3.12) may still

2 large unless we choose a such that Pm(O) = 0. Identifying (1+a)/(1-0)

ith the largest zero of Tm(z) yields

T
cos—zﬁ—l
3.15a) a =0, = ——— .
, 0 ™
cos 5— +1
2m

However, even for Pm(O) = 0 the approximation error may be large due
-+
o the large norm of the Jacobian J(tn) and the vector ft as h or H > 0. As

n example, we consider the one-dimensional diffusion equation

- =—5, U(t,0) = go(t), u(t,1) = gl(t).

1/h-1
i=1
orm (1.1) with right hand side function of the form (3.6) where

emi-discretization on a uniform grid Q = {in} leads to a system of the

J(t) =




>
ntly, the vector J§(tn) occurring in (3.12) has an increasing norm as

unless ;(tn) has zero-boundary values which means that the boundary
tions are time—independent. Suppose, however that the polynomial Q,(2)
ch that Qm(O) = —P&(O), then by observing that for (3.6)

> ->

> > o0 .
ft(t,y(t)) = y(t) - J(t)y(r)

pproximation error reduces to

> >

DAL= tlp- 82l (O Ty (e ) +E +0(D)  as T 0.

- -
EM 3.2. Let a, £ and § be defined by (3.15a), (3.6) and (3.13), respec-
4. Then the approximation error is given by (3.12") if

5) 6, =1 - Pj(O), j=0,1,...,m1. O

. By Theorem 3.1 and by virtue of (3.15b) we find that Qj(O) satisfies

alation
0) =0, T(0)Q.(0) = A.b.(1-6.) = A.b.P.(0).
Qy (0) (0)0;(0) = A;bo(1-8,) = A:byP.(0)
PE(O) satisfies the relation
P'(0) = 0, T(OP'(0) = =A.b.P.(0
1(0) (OP}(0) = -A;bP. (0)

llows that Qj(O) = —PE(O) which leads to (3.12"). 0O

fhus, if (3.13) is chosen to start the integration of the interval

1+1] then Theorem 3.2 tells us how to tune Richardson's method such that
)pproximation error is relatively small. An alternative is of course the
:ation of initial approximations which are first order in time. In view
: large spectral radius o associated with semi-discrete parabolic equa-
the formulas generating these initial approximations should be suffi-
.y stable. For instance, one may use the stabilized Runge-Kutta methods

isented in [6]. (Methods such as forward Euler are not suitable unless
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3 3 +
1e integration step is unrealisticly small.) Let us assume that § does have
irst order accuracy in time (in the second and subsequent defect correction

teps this is always true), then by putting §1 =1 in (3.12) we find

A= LG By+ (BB P (OY(e) - (OF (£ ,F(¢ )] + C + 0(x)

3.12")

as T + 0.

gy the same argument as above we conclude that for h or H -+ O the approxima—
ion error will be large unless gt vanishes (autonomous systems) or Qm(0)= 0.
he latter will be the case if 6. = 1 for all j (see (3.8)). We observe that
he approximation error reduces to En + O(Tz) if we choose the starting form-
la such that 82 satisfies the relation

1 ~
5 "By ¥ (BZ_BZ)Pm(O) = 0.

Summarizing the results of this section, we have found that the
ichardson iteration method (2.2) - (2.3) should satisfy the conditions (3.15a)
nd (3.15b) if the initial approximation §‘is zero order in time and the con-
ition ej =1 if ; is of higher order.

Finally, it should be remarked that the Richardson iteration method
2.2) - (2.3) satisfying (3.15a) and (3.15b) can be interpreted as an first
rder consistent, m—stage Runge-Kutta method with t-dependent coefficients.

t presents an integration method in its own right and might also be of int-
rest as an explicit, stabilized time integrator for parabolic differential
quations when only one grid is used. Results of this type of "Runge-Kutta-

ichardson methods" are published in the near future.

'.3. Applications

By a few numerical examples we will illustrate the effect of the condi-

ijons (3.15) on the behaviour of Richardson's method (2.2) - (2.3).




. A linear test problem

In order to test the linear analysis given in the preceding subsec
tegrate the following linear equation

W .

Y (2 + s1n(wx]x2))AU
a)

-t . 2 . 2.2 _
+ e 31n(wx]x2)[w (2-F31n(wx1x2))(x1-+x2)-1], w =

exact solution

b)  U(t,x) =1 + e_tsin(wx]xz).

hlet boundary conditions along the unit square and initial values

are determined by (3.16b). This problem is semi-discretized on Qh
e meshes of width h by using the standard five point molecule. The
ng system of 0.D.E.'s has a Jacobian with negative eigenvalues in
val [~0,-8] where

2

c) o , & = 21”7,

1

N
N+~

h
Choosing a simple one-step, one-point integration formula the prob
on the grid Qh assumes the form

> > > > > >
) y - bOTf(tn+1,y) =y, * (l—bo)Tf(tn,Yn)-

To this linear system of equations we applied the Richardson metho
- (2.3) for a few choices of the parameter o and the parameters Sj
n impression of the behaviour of Richardson iteration as a process
#wm we did not yet combine the fine grid iteration with coarse gri
ctions.

In order to interpret the number of iterations used in the iterati
ss it is convenient to express m in terms of the parameter a and

ng parameter




m 0

rom the definition of Chebyshev polynomials it follows that

3.18) m = arccosh D._1 e = 1
Ln(1+a+2e+2/(1+€) (ot+e)) -£n(1-0) b0TG

rom this expression we derive

arccosh D—l .
3.18') m;’——T"_7&1— 1f laborcl >> 1.
Kn(T:VEO

‘ence low damping (D=~ 1) or larger values of o result in small m-values. In

‘he special case where a = given by (3.15a), we find

%

v

either bOTO > 40

a 1gn 21 2, 1., 2. .

'3.18") m =g /%0T0[4arccosh (D )+r] if 40—b0T0

—B————J.
Oto

or D_1 > COSh(Eﬂ

’hus, in this case we see that at least W/EE?E/Q iterations are required
‘choose D = 1). If higher damping is desired (D < 1) more iterations are
-equired. In view of the large to-values usually involved in actual problems,
-he "Runge-Kutta-Richardson" method will require a large number of right hand
side evaluations. Nevertheless, this method turns out to be more efficient
-han the original Richardson method. This is illustrated in the tables below

there we applied the Richardson iteration method in several modes:

R(D,a) mode defined by (2.2), (2.3) with Sj =1, j=0,1,...,m1
(3.19) .
RKR(D) mode defined by (2.2), (2.3) and (3.15a), (3.15b)

3oth modes were applied with starting vectors defined by (3.13). In these

tables the number of correct digits at t = 1, defined by

(3.20) A= min[—lolog |exact solution of (1.2) - numerical solutionIJ,

8




ven for a sequence of T-values and for Richardson's method both in R

KR mode. In the RKR mode the number of iterationsperintegration.step
hosen equal to /35¥E7TT§§ (cf. (3.18")). However, requiring m to be an
er we obtain marginal damping. (In these examples D turned out to be

st 0.94.) In the R mode, D was chosen in such a way that the total num-
f iterations equals that of the RKR mode for each step size tT. The total
r of'¥-eva1uations is denoted by ZIm.

It is obvious from the Tables 3.1, 3.2 and 3.3 that the Ris .94, ao)

ss is of no value indicating how important the term J(tn)y(tn) is in
pproximation error (3.12). Of course, by increasing the damping the

ts will be improved, however, at the cost of many g—evaluations. It is
evident that the RKR mode becomes superior to the R mode if h decreases,

if to increases.

TABLE 3.1
A-values at t=1 obtained by the iterated
>
Euler rule (by=1) with §r=§n and h=1/10

TO Im R(D,8/0) D R(s.94,ao) RKR(<.94)
2400 40 1.6 .00125 .0 1.1
480 . 90 1.6 .053 .8 1.6
240 130 1.7 . 125 .9 1.7
TABLE 3.2
A-values at t=1 obtained by the iterated
-
Euler rule (b0=1) with §==§h and h=1/20
10 Im R(D,§ /o) D R(S.94,a0) RKR(<.94)
9600 79 2.1 .00125 .0 1.8
1920 180 2.1 .053 .6 2.2

960 250 2.3 .125 .7 2.4
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TABLE 3.3.
A-values at t=1 obtained by the iterated
>
Euler rule (by=1) with §==§n and h=1/40

T 10 Im R(D,6 /o) D R(S.94,u0) RKR(<.94)
1 38400 - 158 2.3 .00125 .0 2.4
1/5 7680 355 2.1 .053 .6 3.1
/10 3840 500 2.3 .125 .6 3.1

}.3.2. A strongly nonlinear problem

In this section we show that the linear analysis given in the preceding
;jubsections is also indicative of the behaviour of Richardson's method in
;trongly nonlinear problems. As a test model we choose the equation [12]

. U _ 5
3.21a) 5t ACUT).

Just as in problem (3.16) we prescribe Dirichlet boundary conditions
»n the unit square Q = {%[ 0<x,, x; < 1} and initial conditions for t = 0

)y prescribing the exact solution
(3.210)  U(e,H) = (% (2eax )14

lhe semi-discretization process yields a system of nonlinear 0.D.E.'s of
shich the Jacobian matrix has its eigenvalues in the interval [-o(t),-6(t)]

vhere
(3.21¢)  o(t) = 9% (1+t),  §(t) = 16m2(t+h).
h

The results listed in the Tables 3.4 and 3.5 reveal that the same be-
raviour is exhibited as for the linear problem (3.16) but even more pronun-—
ciated. In Table 3.6 results are given for the trapezoidal rule; here we
see that the accuracy of the RKR process decreases if T decreases, whereas

the R process becomes more accurate. The reason for this behaviour is the




bility developed by the RKR mode (being in fact an explicit Runge-
method) bécause the stability condition is violated (in the Euler case
tability condition is just satisfied). The stability analysis of RKR

ds as integration methods on their own will be reported in a next paper
it is shown that stability for the iterated trapezoidal rule requires
siderable larger number of iterations. Since in this paper, we use the
ethod aé part of a multigrid algorithm and not as a special type of
-Kutta method, we are not concerned with the stability of the RKR method

nly with the stability of the integration formula generating the prob-
2.1).

TABLE 3.4
A-values at t=1 obtained by the iterated
>
Euler rule (b,=1) for h=1/10 and 9:3,:1

10 Im R(D,68/0) D R(s.94,a0) RKR(<.94)

12800 91 —o0 .05 —o0 3.5

2560 184 2.4 .039 1.4 4.6

1280 258 2.9 .073 1.7 5.1
TABLE 3.5

A-values at t=1 obtained by the iterated
>
Euler rule (b,=1) for h=1/20 and §r=§n

TO Im R(D,8/0) D R(S.94,u0) RKR(<.94)
51200 182 — .050 -0 3.5
10240 365 2.3 .038 -0 4.5

5120 509 2.8 074 —o 5.1
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TABLE 3.6

A-values at t=1 obtained by the iterated
+

.+
trapezoidal rule (b0=%) for h=1/10 and §=y_

T T0 m R(D,68/0) D R(S.94,ao) RKR(<.94)
1 12800 65 —o0 .050 —0 3.4
/5 2560 131 2.4 .038 —c0 2.9
/10 1280 184 2.6 .073 -0 2.4

Our conclusion from the analysis and experiments presented in this sec-—
ion is that for zero order initial approximations the Richardson method in
KR mode is a rather efficient method for solving nonlinear systems of the
ype (2.1), and that the original Richardson method is less sucessful parti-

ularly for large values of 10.
-« SPECIFICATION OF THE TWO-LEVEL ALGORITHM

In Section 1.3 of the introduction we already described the two-level

\lgorithm in the form
4.1) Prediction; (Coarse grid iteration; Fine grid iteration)v, v = 0.

lote that the fine grid iteration is always started with the initial approxi-
iation (1.18).

In our experiments we concentrated on the behaviour of the three basic
yarts in the process (4.1). We did not consider the effort of the generating
mplicit integration formula. All experiments were performed using backward
luler, i.e. (3.17) with b0 = 1. The prolongator and restrictor were defined
vy (1.12) and (1.13), respectively.

The coarse grid iteration was defined by the process (we add an index

1 or H in order to indicate whether the iteration is performed on the fine

;rid or the coarse grid)

4.2) RH(.];.OI), H = 2h,




ine grid iteration by
Rh(.22;.25).

irameters D and o in (4.2) and (4.3) were determined on the basis of a
number of experiments which may be found in the appendix to [7].

’he predictor was defined by

RKRH(.94); Rh(.22;.25),
the initial approximation in the RKRH process was simply

>
y

2
Vg = Iz v,

h
H H
1 the Rh process the initial approximation was chosen according to
. The parameters D and o in (4.4) were again determined on the basis
lerical experiments (see appendix).

'he two-level algorithm can now be written in the form
RKRy, (.94) 5 Ry (.225.25)[R(.15.0DR, (.22;.25)7",

v = 0.

[ERICAL EXPERIMENTS WITH TWO-LEVEL ALGORITHMS

n this section we test the two-level algorithm (4.5) and we try to get
t in the effect of the prolongator, the predictor formula and whether
dson iteration is to be preferred when compared with Gauss-Seidel

Zon. We also compare (4.5) with other one-grid methods.

n the tables of results we have used the following notations:
ntegration step size

umber of coarse and fine grid iteration processes

-S>
umber of f, —evaluations on Qh
+
umber of f _ —evaluations on Q. = Q

> > H 2h
fh + Z—ZfH - giving the total computational effort in terms of

-evaluations on the fine grid.
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- accuracy defined by (3.20).

.1. Effect of the prolongator

In Section 1.2 it was shown that the prolongator Ig and the restrictor

E should be such that in actual computation the effect of Iﬁ Ig resembles
he identity operator, otherwise the coarse grid correction is less effi-
ient (cf. (1.16)). In order to see the behaviour of the prolongator defined
y (1.12) we applied the algorithm (4.5) with v = 0 and listed the accuracy
. obtained after the coarse grid process RKRH, the coarse grid correction
1.5") and the smoothing process Rh' In Table 5.1 these results are given
or problem (3.21) with several choices of the domain Q. For the domain

< Xy, X, S 1 the accuracy decreases considerably if the coarse grid

TABLE 5.1
A-values for problem (3.21) at t=1 with t=1 and h=1/20

OSX],XZSI ISx],XZSZ Sle,x2S6
ik
I 3.2 4.6 4.1
z H >* H _h.~>
h = Ih yH-i-(I-—Ih IH)yh(O) 1.0 4.0 4,1
:; ' 1.7 4.2 4.8

sorrection is introduced. This can be explained by considering the effect

>f the operator I-IH Ih on the function §h(t) for t = 0 with components

h "H
‘cf. (3.21b))

(5.1) (—g—(ih+jh))1/4, 1,5 =1,2,...,8 0 =1,

3ince Iﬁ is based on linear interpolation (cf. (1.12)), one can verify that
[E Ig does not behave as the identity operator when applied to (5.1), parti-

:ularly in the grid point X = (h,h). By shifting the domain Q@ away from the

>rigin, the operator Iﬁ Ih is applied to grid frunctions with bounded dis-

H
-rete first derivative as h > 0 so that the linear interpolation behaves




ately resulting in a small drop in accuracy.

The predictor formula

The two-level algorithm (4.5) uses a predictor which is based on the
lerations in Section 3.2 where the approximation error is analyzed. At

sight, however, one might choose the following two-level algorithm

v+1

[RH(.I;.OI); Rh(.22;.25)] s v > 0.

1t to show that the algorithm (4.5) is really a better choice than
» We also listed the results obtained by the algorithm

RKC; R, (.223.25)[R,(.15.01); Rh(.zz;.zS)]V,

<
v
o

RKC denotes the application of the first+order Runge—-Kutta-Chebyshev

o . 3 °® — + + —
1 (cf. [6]) to the differential equation Yy = fH(t,yH) on QH = QZh' The
: obtained is then prolongated (of course without coarse grid correc-
and smoothed by the Rh process. Thus, (5.3) differs from (4.5) only

(ng another predictor formula.

TABLE 5.2,
A-values for problem (3.21) at t=1 and
Q= {;l ISXI,XZSZ} with h = 1/20.

> >
v g (4230 o ©2 7253,
0 3428 4.2 3+4 1.7 3425 3.7
1 6+32 3.9 6+8 2.7 6+29 3.9
2 9436 4.0 9+12 3.8 9433 4.0
0 15460 4.7 15420 2.5 15453 4.1
1 30+80 4.7 30+40 3.4 30473 4.8
2 45+100 4.8 45460 4.6 45493 4.8
0 30485 5.5 30+40 2.8 30474 4.2
1 60+125 5.0 60+80 3.8 60+114 4.9
2 90+165 5.1 90+120 5. 90+154 5.1
0 60+122 4.9 60+79 3.1 60+105 3.8
1 1204200 5.3 120+155 4.1 120+183 5.4
2 1804279 5.4 180+236 5.4 180+262 5.4
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In Table 5.2 the results are given obtained for problem (3.21). Obvious-
y, the algorithm (4.5) is superior due to its more accurate predictor form-
la. On the other hand, the algorithm (5.2) is rather éheap if a modest
ccuracy is desired. However, if more rapid variations with t enter into the
roblem, the algorithm (5.2) tends to become unstable for larger integration
teps. This may be concluded from Table 3.4 where the same problem was inte-
rated, but on the domain 0 < X5 X, < 1 which results in a slightly stronger
-dependency. The algorithms (4.5) and (5.3) are less sensitive to t-varia-
ions because their predictor formulas are based on Runge-Kutta methods with
any intermediate points so that actually rather small intermediate integra-

ion steps are performed.

.3. Comparison with other methods

In order to get insight in the efficiency of the algorithm (4.5) we
ompared this method with two other integration techniques. The first one

s of the form (5.2) but we replaced the Richardson iteration by Gauss-
jeidel iteration which is defined as follows: let §(J)
(3)
i H
‘h iterate are determined by solving

be the j-th iterate

(3+1) of the (j+1)-

rith components y i=1,2,...r, then the components v

. . . . s
ERO N e A AR MR IR S LOPRCAC b R e S FRE SR TOOES

(3+1D)
i -
*ine or the coarse grid problem (1.3a) or (1.3b) and [v]i denotes the i-th

‘or y and setting y =y, 1i=1(1)r. In (5.4) L and g correspond to the
:omponent of a vector V. One (nonlinear) Gauss-Seidel iteration is now de-
‘ined by (approximately) solving (5.4) performing just one Newton iteration
‘or each scalar equation. We applied the iteration process in a symmetric
rersion by alternatingly reversing the order of the components in (5.4) [117.
lhis process will be denoted by GS(m) where m denotes the number of itera-
tions. The two-level algorithm using symmetric Gauss-Seidel iteration applied

in our comparitive tests is given by

(5.5) [GS,(14); GSh(Z)]v, v > 0.
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The number of Gauss—Seidel iterations in (5.5) were chosen such that it re-
-> -

quires just the same number of fh and fH evaluations as required by the fine

and coarse grid iterations in the algorithms (4.5), respectively.

TABLE 5.2
A-values for problem (3.21) at t=1 and
2 = {x| 0sx ,x,<1} with h = 1/20

Richardson scheme (4.5) Gauss-Seidel scheme (5.5) RKC method [6]
t v 1If A T v rf A T Lf A
1 0 26 1.7 1/5 1 34 1.7
1 2 40 2.6 1/5 2 68 2.4
1 3 47 3.0 1/5 3 101 2.9 1 163 3.0
1/5 4 135 3.5 1/5 325 3.4
1/5 5 169 3.8
1/5 1 97 4.0 1/5 6 203 4.0 1/20 639 4.1

The second method is the RKC method already mentioned in Section 5.2.

For problem (3.21) with h = 1/20 the results obtained are listed in
Table 5.2. These results were selected in such a way that the accuracies are
more or less comparable while the rf-value is minimized with respect to the
set of (1,v) parameters. (This always occurred for the larger t-values). The
Richardson scheme (4.5) turns out to be cheaper than the Gauss-Seidel scheme
(5.5) and the RKC scheme for comparable values of A. This is due to the
possibility to integrate the whole integration interval in a single step,
whereas the Gauss—Seidel scheme is unstable for such large steps. It should
be observed, however, that this unstable behaviour for large steps can be
avoided by solving the implicit equations (5.4) with more than one Newton
step. These aspects are part of an iteration strategy for a general multi-

grid program and are not considered in this paper.
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. CONCLUDING REMARKS

We have investigated a two-level algorithm for solving the (non-linear)
ystems which arise when an implicit (one-step) integration method is applied
> the semi-discretized form of a parabolic initial boundary value problem.
he algorithm is based on a special form of the (nonlinear) Richardson itera-
ion method. This algorithm has the following characteristics:

i)  The storage requirements are 5 arrays the dimension of which equals
the number of grid points of the finest grid.

ii) The algorithm allows rather large integration steps even in strongly
nonlinear problems. This is achieved by the predictor formula based
on the RKR mode of the Richardson method which constructs an initial
approximation in a Runge-Kutta type fashion. If (nonlinear) Gauss-
Seidel iteration is used the algorithm shows instabilities for large
integration steps unless more Newton iterations are performed (and
consequently additional right hand side functions are evaluated) .

iii) The computations only involve right hand side evaluations and the up-
dating of the spectral radius of the Jacobian matrix (the right end
point of the (negative) eigenvalue interval is not required) . The
Gauss-Seidel process does not require the spectral radius but the
diagonal elements of the Jacobian matrix.

iv) The algorithm is rather flexible in that respect that the damping of
the higher and lower frequencies can be adjusted by monitoring the

parameters o and D.
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PPENDIX

In this appendix we explain our choice of the damping parameters D, Dy

nd D, and the o-parameters oy and o, in the two-level algorithm (cf. (4.5))

H H
A1) RKR. (DR, (D, 30, ) [Ry (D30 )R, (D 50407, v 2 0.

le describe a number of experiments for the nonlinear test problem (3.21)
m the unit square 0 < X5 X, < 1 with H = 2h = 1/10. In the tables of re-

iults we use the same notations as in Section 5.

1. The parameter D in the predictor formula

The computational effort involved in applying RKRH(D) increases if D
‘s decreased (cf. (3.18")), therefore we were interested in the amount of
lamping needed to obtain an acceptable prediction for the fine grid solution.
't turned out that hardly any damping is needed. In Table Al some results

ire given obtained by the predictor formula
(A2) RKRH(D)Rh(.ZZ;.ZS)

For various values of D showing that even for extremely high damping the
iccuracy is not increased (the parameters in the fine grid iteration Rh(.22;

.25) do not essentially affect the behaviour of the predictor formula).

TABLE Al
A-values obtained at t=1 by scheme (A2)

D= .9 D~ .l D~ 1073 D~ 10’
> >
T z?h z?ﬁ A z?ﬁ A if, A iE, A
1 3 92 1.7 183 1.7 456 1.7 911 1.7
1/5 15 189 2.8 373 2.7 925 2.7 1845 2.7
1/10 30 268 3.9 526 3.9 1300 3.9 2590 3.9

1/20 60 385 4.0 750 4.9 1845 4.9 3670 4.9
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Consequently we chose D = .94 in (Al).

A2. The fine grid parameters Dh and oy

In order to avoid disturbing influences caused by an inaccurate solu-
tion of the coarse grid problem we applied (Al) with rather pessimistic

values of Dy and Oy i.e. we applied the algorithm
v
(A3) RKRH(.94)Rh(Dh,ah)[RH(.],.Ol)Rh(Dh,ah)] , v =2 0.

Since the fine grid iteration is relatively expensive we chose the pair

(Dh;ah) such that only two iterations were required. In Figure Al

TABLE A2
A-values obtained at t=1 by scheme (A3)

(@, o)
> > > h”>"h
TV th ZfH zf  (.06;.5) (.22;.25) (.29;.20) (.38;.15) (.5;.10)
0 3 92 26 1.4 1.7 1.7 1.7 1.6
1 6 108 33 1.8 2.1 2.2 2.3 2.2
2 9 124 40 2.1 2.6 2.8 2.9 2.7
1 3 12 140 47 2.4 3.0 3.2 3.2 3.1
4 15 156 54 2.7 3.2 3.2
5 18 172 61 2.9
6 21 188 68 3.1
0 15 189 62 2 2.8 3.0 3.2 3.7
1/5 1 30 269 97 3.2 4.0 4.1 4.1 4.1
2 45 349 132 4.1 4,1
1/10 30 268 97 3.1 3.9 4.1 4.3 4,3
1 60 427 167 4.4 4.4 4.4 4.4 4.4
1/20 0 60 385 156 3.9 4.0 4.0 4.0 4.0
1 120 685 291 4.7 4.7 4.7 4,7 4.7

the eigenvalues corresponding to Rh(Dh;ah) are illustrated in the case of a

linear problem. These eigenvalues are given by (cf. (2.6))
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: 2
2 b

ZNO—I

AL) Pz(z) =

> >
here z denotes the eigenvalues of the matrix tJ = 13£/dy, LA and w, are de-

ined in (2.3) and where the maximal value of ]Pz(z)[ in [—Tch,—ahroh] is

Fig. Al. Eigenvalues of Rh(Dh;ah) for linear problems

riven by

1+0Lh 2 -1
o, © b.to, (1-a,)
h 0 h h

D, = [2( 2 - 11

45) )
1=20y oy,
]+6uh+u§

n

as TOh >> 1 and oy > 0.

In Table A2 the results for several pairs (Dh;ah) are given indicating
-hat strong damping is less important than a sufficiently large interval
shere the damping is applied, except for small integration steps.

Furthermore, we note that it seems to be cheaper to use large integra-
tion steps combined with large v-values than small integration steps and low
7alues of v.

It is also of interest to notice that for large t-values the amount of
vork on the coarse grid is relatively large when compared with the work on
the fine grid. As already mentioned in the introduction, this strongly sug-

zests a recursive use of the coarse grid iteration technique.




In order to draw conclusions from the eigenvalue spectrum Pz(z) illus-
1 in Fig. Al, we compare Pz(z) with the eigenvalue spectrum of the
tion matrix in the Gauss-Seidel method (5.4) when applied to a linear

m with L given by the matrix I - bOTJ. By splitting J according to

J/=J1+J2+J

3,

Jl’ J2 and J3 are respectively the lower triangle, the diagonal and
»per triangular matrix, we may write (5.4) in the vector form

;(j+1) >(j+1) >(3) _ >

+[I-—bOTJ2]y -b TJ3y =3 .

-b.1J 0

0 1
assume that the matrix I"bOTJ has property (A) (see e.g. [3, p.243])
7 express the eigenvalues of the iteration matrix associated with (A6)

ms of those of the Jacobi method, i.e. in terms of the eigenvalues of

itrix

botlI- bOTJz]_1[J1+J3].

denote the eigenvalues of (A7) and % those of the Gauss-Seidel method
‘then A = 12 (cf. [3, p.2501). In order to express the eigenvalues A

ms of the eigenvalues z of TJ we restrict our considerations to prob-
there J2 is a scalar matrix-dI with d > 0 (an example of such a problem
msidered in Section 3.2, p.15). It is now easily verified that the

ralues of (A6) are given by

bO(Z+Td) 2

n(z) = [—Tﬁ)?ra—_] .

thaviour of n2(z) is illustrated in Figure A2 (two Gauss-Seidel itera-
require roughly the same computational effort as two Richardson itera-

if the implicit relations in (5.4) are solved in just one Newton itera-
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Fig. A2, Eigenvalues of (5.4) for linear problems

In the comparison of the spectrum functions Pz(z) and nz(z) one should
:ake into account that Pz(z) corresponds to an eigenvector of tJ with eigen-
ralue z, whereas n(z) usually corresponds to a completely different vector.
'or instance, if J is a normal matrix then the eigenvectors of the Richardson
.teration matrix PZ(TJ) can be chosen orthogonally. The eigenvectors of the
jauss-Seidel iteration matrix are not necessarily orthogonal.

Since in the fine grid iteration our first interest is in the location
f the intervals of high damping we consider the intervals on the z-axis
there the eigenvalues are less than Dh in absolute value. For Richardson's
iethod this interval is trivially given by —T0, < 2 < <0, TOy, and for Gauss-
jeidel's method we find (after two iterations)

S I ed + L
1d [b +Td:|Dh < z < 'rd+[.D + td]D

0 0

1/4

ho

[n most practical cases these intervals just contain the eigenvalues corres-—
yonding to the eigenvectors of high frequency (e.g. in the case of the dif-
fusion equation u, = Au) . The length oflthese high frequency intervals is
respectively given by (l-op)top and ~2Dy td where we have assumed that

I/bO << 1d. In the model problem u_ = Au discretized in the usual way on a

t
mniform grid, we have d = Uh/2 (observe that a necessary condition for the
zonvergence of the Gauss-Seidel method (A6) requires that d > ch/2 - 1/2bOT).

Thus, Richardson's method has a larger interval of high damping (or
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equivalently, has a higher damping in the same interval of high frequencies)
if

(A9) (l-ah)4 > D, .

From (A5) it easily follows that this condition is satisfied for a, < 1/2.
The considerations above can be extended for the case where the number

of fine grid iterations equals m. The intervals of high frequ7ncies with
1/(2m
damping <D, are then respectively given by (l—ah)foh and ~Dy ( )TGh where

v, and Dy, are related by (cf. (2.7))

1+a

1-a

hy-1,

h

(A5") Dh = [cosh m[arccosh

For example, if we choose o = 1/4 then Richardson's method has a damping
factor SDh in the interval of length 3Toh/4 whereas the Gauss-Seidel method

2
damps with a factor <D, in the interval of length ~ 3 TUh/3.

h
Generally, we may conclude that Richardson's method has a stronger
damping effect on the higher harmonics than the Gauss-Seidel method, in par-
ticular if the number of fine grid iterations is increased. In our experi-
nents we chose m = 2, although a higher value of m might be more efficient
in terms of computational effort versus accuracy. This aspect is part of a
general iteration strategy and is not discussed in this paper. This choice

of oy is less critical as long as it is sufficiently small. We chose ah==1/4

and consequently the damping factor Dh becomes ~ .22,

A3. The coarse grid parameters DH and On

The only parameters left in the algorithm (Al) are D. and ay. We applied

H
the algorithm

‘A10) RKRH(.%)Rh(.zz;.25)[RH(DH;aH)Rh(.22;.25)]", v =0

for a large number of (DH;aH)—value revealing that the accuracy is largely

independent of Dy and ay. In Table A3 a few results are listed for Dy = .1,

These results suggest to choose oy 2 .05 in order to increase the efficiency.
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TABLE A3
A-values obtained at t=1 by scheme A(10) with DH= .1

oy = .05 ay = .01 ay = .001
> - -> ->
T v ZfH ZfH A ZfH A ZfH A
0 3 92 1.7
1 6 100 2.1 108 2.1 139 2.1
2 9 108 2.6 124 2.6 186 2.6
3 12 116 3.0 140 3.0 233 3.0
4 15 124 3.2 156 3.2 280 3.2
0 15 189 2.8
/5 1 30 229 4.1 269 4.0 389 4.1
2 45 269 4.4 349 4,1 589 4.1
3 60 309 4.3
0 30 268 3.9
710 1 60 348 5.3 427 4.4 616 4.4
‘ 2 90 428 4.8 586 4.4 964 4.4
3 120 508 4.6
0 60 385 4.0
/20 1 120 545 4.9 685 4.7 953 4.8
2 180 707 5.1 985 4.8 1521 4.8

lowever, by using larger aH—values less low frequencies are damped which
rould violate the general idea that the low frequencies should be removed
»n the coarse grid and the high frequencies on the fine grid (cf. the dis—
:ussion in §1.4). Therefore, we choose the safe value ay = .01,

By the same arguments one should choose DH sufficiently small and one

nay ask whether Dy = .1 yields a sufficient reduction of the lower frequen-

:ies. It turns out, however, that the accuracy is more or less insensitive

:o changes in the damping parameter Dy in particular for larger integration

steps. Even for rather low damping the accuracy does not decrease as can be
>
seen in Table A4. It is tempting to choose Dy > .1 which again saves fH—

:valuations, but we decided to use a safe damping parameter and put D, =.1

in all experiments reported in §5.
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3

1es obtained theme (A10) with oy
DH = DH = .8 = ,99
> >
T ZfH ZfH A [ A
92
102 97 2.2 ) 2.2
112 102 2.6 } 2.6
1 122 107 3.0 3.0
132 112 3.3 b 3.2
122 3.2. ) 3.6
} 3.8
) 3.7
189
239 2i4 4.1 4,1
1/5 289 239 4.5 ) 4.6
264 4.3 4.9
4.4
268
368 318 4.9 ) 4.5
1/10 468 368 4.8 ] 4.7
) 5.3
] 4.7
385
575 485 4.8 ) 4.2
765 585 5.2 ) 4.4
685 4.9 ) 4.6
1/20 785 4.8 4.9
) 5.5
) 5.0




